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1 Introduction
In this paper we consider co-dimension one defects in 4d theories with N = 1 supersym-
metry. By this we mean 4d theories coupled to 3d theories living on a 3d submanifold.
We focus on planar submanifolds, specied by a constant and space-like normal vector n.
The submanifold can be taken to be xn = xn = 0. The presence of the defect leads to an
explicit breaking of translation symmetry in the direction orthogonal to it. This manifests
itself as a violation of the conservation of the energy-momentum tensor T by an operator
local to the defect, which reads
@T = n(x
n)fd: (1.1)
Here  is the standard Minkowski metric and fd is called the displacement operator.
The presence of the delta function means that away from the defect the energy-momentum
tensor is conserved. Equation (1.1) can be easily generalized to defects with co-dimension
greater than one. We present two explicit examples of the displacement operator in bosonic
theories in appendix A.
The displacement operator appears in several applications. The Bremsstrahlung func-
tion describing the radiation of an accelerating charge can be extracted as the coecient of
the two-point function of the displacement operator of a Wilson line [1{3]. More recently,
the displacement operator was used to study the dependence of entanglement entropy on
the shape of the entangling surface [4{8]. Additionally, conformal methods were used to
constrain the form of correlation functions of the energy-momentum tensor and the dis-
placement operator and to obtain constraints on the ow of defect eld theories [9{11].
For co-dimension 2 defects in theories with N = 2 supersymmetry in 4d, the displacement
operator was discussed in [12].
Focusing onN = 1 supersymmetry in 4d, the main goal of this paper is to construct the
supersymmetric multiplet of the displacement operator. When there are no defects, it was
shown that any N = 1 theory in 4d admits a so-called S-multiplet [13]. It generalizes the
Ferrara-Zumino (FZ), R and superconformal multiplets which exist only under additional
assumptions (see for instance [14, 15]). The S-multiplet may be dened as a real vector
supereld S _ satisfying1
D _S _ = 2(   Y): (1.2)
Here  is a chiral supereld satisfying D
 = D _ 
_ and Y is constrained by D2Y = 0
and D(Y) = 0. These conditions mean that we can locally solve Y = DX with X
chiral. An explicit computation shows that the components of S include a symmetric and
conserved energy-momentum tensor T and a conserved supercurrent S. Schematically,
the component expansion of S takes the form
S =  i(S + : : :) +  (2T + : : :) + : : : (1.3)
1Note that we use dierent conventions from [13]. In particular, bi-spinors are ` _ = 

 _`, where we
are using the notation of Wess and Bagger [16].
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The main result of this paper is a modication of (1.2) by terms arising from the
presence of a defect. Since the defect necessarily breaks some of the translation and Lorentz
symmetries it can at most preserve a subalgebra of supersymmetry. For N = 1 in 4d and
n space-like the interesting cases are:
 co-dimension one defects preserving N = 1 in 3d.
 co-dimension two defects preserving N = (0; 2) in 2d.
Both these subalgebras preserve half of the original supersymmetries. In this paper we
consider the rst case. We choose coordinates x = (xi; xn) where xi are space-time
coordinates, used along the world-volume of the defect. The preserved supercharges take
the form Q^ =
1p
2
 
Q + (
n Q)

with
fQ^; Q^g = 2( i)Pi: (1.4)
Here the 3d gamma matrices are dened by  i  ni. Notice that only momenta2
orthogonal to n appear in this algebra.
We propose the following modication of (1.2):
D _S _ = 2(   Y) + 2(~yn)Z; (1.5)
which we take as the denition of the defect multiplet. Let us explain the ingredients which
enter in the new term. The argument of the delta function is ~yn  xn + in   i2.
It has two virtues: (1) it is chiral (annihilated by D _) and (2) it is invariant under the
subalgebra (1.4). This means that it breaks the symmetry in the correct way. We demand
D2Z = 0 and the reality conditions
Z + (n Z) 4!3   ! 0; D _Z +D Z _ 4!3   !  2in _D : (1.6)
The arrows imply a projection of the 4d superspace to the 3d N = 1 superspace and D is
a real scalar supereld of the 3d superspace.
We show that (1.5) implies the existence of an energy-momentum tensor satisfying (1.1)
where fd is now the top component of D . The energy-momentum tensor is conserved in
the other directions, i.e. @Tj = 0, but it is generally not symmetric. Moreover, unlike the
S-multiplet (1.3) in which S is a conserved supercurrent, in (1.5) only the combination
S + 
n
 _
S _ is conserved. This is the combination associated with the subalgebra (1.4).
In a purely 3d theory, the energy-momentum sits in a 3d N = 1 multiplet analogous to
the S-multiplet (1.2). Such multiplets were discussed in the literature in the superconformal
case [17{19] (and for N = 2 in 3d [20]). Using the 3d N = 1 superspace coordinates
(xi;), where the Grassmannian coordinate is Majorana, satisfying the reality conditions
()
y = n _, we dene a 3d N = 1 energy-momentum multiplet by
DJj =  2@j; ( j)Jj = iD(H   ); (1.7)
2Of course here Pi is a Lorentz three-vector, with the temporal component P0 identied with the energy.
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where D is the covariant derivative in the 3d superspace.  and H are real scalar super-
elds and Jj is Majorana and for  = H = 0 this multiplet reduces to the superconformal
case. We show that (1.7) leads to a component expansion, which includes
Jj =  S(3)j   i( i)(2T (3)ij + : : :) + : : : ; (1.8)
where S
(3)
j is a conserved Majorana supercurrent and T
(3)
ij is a conserved and symmetric
energy-momentum tensor. We study the structure of improvements of this multiplet and
discuss two examples.
When a defect eld theory is constructed as a coupling of a 4d theory with a 3d theory,
the total energy-momentum tensor of the system has a contribution localized on the defect
T = T
(4)
 + (x
n)PiPjT (3)ij ; (1.9)
where Pni = 0 and Pki = ki is an embedding. The superspace analog of this statement,
which is another result of this note, is that the 3d energy-momentum multiplet (1.7) can
be written as the S-multiplet in the 4d superspace. This is achieved by studying the
embedding of the 3d superspace in the 4d one. We dene a change of variables
 =
1p
2
( + n); e = ip
2
(   n) (1.10)
in the 4d superspace and identify  with the 3d Grassmannian coordinate. This allows
us to embed (1.7) in the S-multiplet as
S(3) _ = (~xn)eJj( jn) _; (1.11)
where ~xn = xn   e is an invariant of the subalgebra. This gives rise to the structure
in (1.9). When the 3d theory interacts with the 4d one, the S-multiplet must be modied
to include the new term in (1.5) which leads to the displacement operator.
The outline of this paper is as follows. In section 2 we review the 3d N = 1 superspace.
In section 3 we construct energy-momentum multiplets in 3d and discuss examples. In
section 4 we study the embedding of the 3d superspace in the 4d superspace as a tool for
coupling 4d theories with 3d defect theories. We consider two representative examples:
4d chirals coupled to 3d scalars via a scalar potential and a bulk gauge multiplet coupled
to a global symmetry on the defect. In section 5 we consider global conserved currents
as a simple application of the formalism developed. In section 6 we construct the defect
multiplet. In section 7 we show how to obtain the energy-momentum multiplets in 3 and
4 dimensions as well as the defect multiplet using a superspace Noether procedure. In
section 8 we discuss some applications and future directions. We include 3 appendices. In
appendix A we review a computation of the displacement operator in two simple bosonic
theories. Appendix B includes two parts: in the rst we review some necessary material on
the 4d superspace, and in the second we collect some useful formulas corresponding to the
embedding of the 3d superspace in 4d. Finally, in appendix C we review the S-multiplet
as well as the example of chiral superelds which is used in the paper.
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2 N = 1 supersymmetry in 3d
In this section we review some basic facts about N = 1 supersymmetry in 3d. Most
of our presentation in this section is close in spirit to [15] although our conventions are
dierent. The need to juggle two superspaces at the same time inevitably puts pressure
on the available resources of letters and indices. We have chosen a minimalistic approach,
whereby the reader is trusted with understanding from context which object lives in which
universe. We hope this does not lead to much confusion.
Let us begin by specifying our conventions for 3d, and their relation to 4d. It is
important to emphasize that the constructions discussed in this section as well as the next
one are strictly 3d. The invocation of the 4d embedding in our choice of conventions here
is meant to facilitate the discussion of section 4, in which we consider the coupling of 3d
and 4d theories. As described in the introduction, the embedding is specied by a constant
space-like vector n. This leads to a split x
 = (xn; xi), where as before xn = nx
 and xi
are coordinates of a 3d Minkowski space. Similarly, the 4d Pauli matrices split according to
 _ = (
n
 _; 
i
 _).
3 The basic spinor in 3d is a Majorana doublet with a reality condition
 _ = ()
y = (n) _: (2.1)
Even though, contrary to 4d,  and its conjugate transform in equivalent representations,
it is convenient to keep track of dotted and undotted indices, which are converted by
the use of n _. In this way, spinor contraction as well as spinor indices lowering and
raising follow straightforwardly from the 4d conventions. The 3d gamma matrices are
( i)
 = 2(ni)
 and satisfy  i j =  ij   iijk k. Here the 3d and 4d epsilon tensors
are related by ijk = ijkn.
The superspace coordinates are (xi;) where  are Grassmannian coordinates sub-
ject to the reality condition of eq. (2.1). The supersymmetry generators in superspace are
dened by
Q = @
@
  i( j)@j ; fQ;Qg = 2i( j)@j : (2.2)
We also dene covariant derivatives by
D = @
@
+ i( j)@j ; fD;Dg =  2i( j)@j : (2.3)
As usual, the covariant derivatives are dened so that fQ;Dg = 0. Let us quote a few
useful identities for the covariant derivatives
DD =   i@ + 1
2
D2; DDD = 0; (2.4)
D2D = 2i@D ; DD2 =   2i@D : (2.5)
Here the bi-spinor is dened as @
 = ( j)
@j . We also use ( 
j) = ( 
j)
 , which is
symmetric in the spinor indices.
3Our conventions for 4d are of course based on Wess and Bagger [16]. In particular we have the relation
 =   + 2 , where  =  . See appendix B.1 for more useful 4d formulas.
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2.1 Basic multiplets
Scalar multiplet. The simplest multiplet contains a real scalar, a Majorana fermion and
a real auxiliary eld. In superspace it is described by a scalar multiplet with the following
component expansion
A = a+ +
1
2
2fa: (2.6)
It is immediate to derive the supersymmetry variation A = QA by using (2.2). We nd
a = ;
 = fa + i( 
i)@ia;
fa = i 
i@i:
(2.7)
Vector multiplet. Vector elds sit in a spinor multiplet V with gauge symmetry acting
by V = D!. The gauge symmetry can be used to x the Wess-Zumino gauge, in which
V takes the form
V = i( i)vi  2: (2.8)
A gauge invariant eld strength is dened by
W = 1
2
DDV =    i
2
kij( k)Fij +
i
2
2( i@i); (2.9)
where Fij = @ivj   @jvi. It follows immediately from the identity DDD = 0 that
DW = 0. In fact, this gives the Bianchi identity.
Fully covariant derivatives are dened by D = D + iV and D = @ + iV ,
satisfying the following algebra
fD;Dg =  2iD ; [D;D ] =  (W + W): (2.10)
In particular, we have the relation V = iD(V) with V j = v .
Current multiplet. Conserved currents @ij
i = 0 sit in a spinor multiplet J satisfying
DJ = 0. In components this is solved as
J =  + i( 
i)ji +
i
2
2( i@i): (2.11)
Clearly the eld strength W dened above is a current multiplet, with the dual eld
strength conserved by the Bianchi identity.
2.2 Lagrangians and equations of motion
A supersymmetric Lagrangian is a top component of a real scalar multiplet (2.7). A simple
example is VM =
1
2DADA which corresponds to a canonical kinetic term for A
VM j2 =  
1
2
(@ja)
2   i
2
 j@j+
1
2
f2a : (2.12)
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This can be generalized to include multiple elds AI with a non-standard kinetic term
VM =
1
2GIJ(A)DAIDAJ . A scalar potential is constructed as a real function P (AI) and
the equations of motion for such a model are
D2AI +  IJKDAJDAK = GIJ@JP; (2.13)
where  IJK is the usual Levi-Civita connection of GIJ .
A gauge invariant interaction can be succinctly written by promoting D to D
(see (2.10) for the denition of D). For simplicity we shall stick to Abelian gauge elds
and take VMG = D
 ADA, where A is here a complexied scalar multiplet. The equation
of motion is D2A = 0 and the gauge invariant current
J = i(AD A  ADA) (2.14)
is obtained by the variation VMG = VJ. The Lagrangian for the gauge eld is derived
from the multiplet VG =  12WW. More explicitly it is given by
VGj2 =  
i
2
 j@j  1
4
FijF
ij : (2.15)
The equation of motion is 12DDW = J. It is also possible to include a Chern-Simons
term VCS =

2WV, but being topological, it does not matter for anything we do in
the sequel.
3 Energy-momentum multiplets in 3d
Any local supersymmetric eld theory contains a conserved and symmetric energy-
momentum tensor T
(3)
ij and a conserved supercurrent S
(3)
i . It follows from the algebra
of supersymmetry that these two operators sit in the same multiplet. When a superspace
realization of the algebra is available, then these operators can be incorporated in a super-
eld. In this section we dene such superelds. All 3d N = 1 theories admit a maximal
multiplet with 6 + 6 components, but some theories admit shorter multiplets with 4 + 4
or 2 + 2 components (in the superconformal case). The superconformal multiplet was de-
scribed by several groups before [17{19], which also discussed extended supersymmetry.
However, to the best of our knowledge the non-conformal energy-momentum multiplets
were not considered elsewhere in the literature. (See [20] for 3d N = 2.) We discuss the
structure of improvements of these multiplets and review some examples.
We dene a real multiplet Ji by
DJi =  2@i; ( i)Ji = iD(H   ); (3.1)
with  and H both real multiplets. The component expansion of  and H is
 =  +  +
1
2
2f; H =  + +
1
2
2f: (3.2)
Let us emphasize that only the derivatives of  and  are guaranteed to be well-dened.
More generally we can write DJi =  2i and J = iH which we require to satisfy
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@[ij] = 0 and DDH = 0. This means that locally we can solve i = @i and H =
D(H   ). To simplify the notation we will not make this explicit.
Solving (3.1) for the components of Ji we obtain
Jj =  S(3)j + i( j ) + @j   i( i)

2T
(3)
ij   ijf +
1
2
ijk@
k

  1
2
2
 
i( i@iSj)   ( j i@i )

:
(3.3)
Here T
(3)
ij is symmetric and conserved, S
(3)
i is conserved, and the following relations hold
T (3)ii = f + 2f; S
(3)

 = i ( + 2 ) : (3.4)
The combination H + 2 is the `trace multiplet'. Before continuing, let us mention that
a simple generalization of (3.1) is obtained by changing the second equation to J =
iD(H  ) + iJ, where J is a conserved current. This is a multiplet which encompasses
a non-symmetric energy-momentum tensor.
3.1 Improvements
Let us examine how this multiplet can be modied. For any real multiplet U = u+ +
1
2
2fu, we can act on Ji by the following transformation
Ji = i( i)DU;  = U; H =  2U; (3.5)
under which the energy-momentum tensor and the supercurrent do not change. In par-
ticular, it is easy to see that the `trace multiplet' remains unmodied. Another way to
transform the multiplet is by
Ji =  2@iDU;  = D2U; H = 0; (3.6)
which is a bona de improvement. The resulting transformation is
S(3)
k = 2( [k j]@j); T
(3)
ij = (@i@j   ij@2)u: (3.7)
The general Ji multiplet we obtained, has 6 + 6 components, but is not minimal
(similarly to the S-multiplet is 4d). A submultiplet with 4+4 components can be achieved
by using equation (3.5) to set some linear relation between  and H. The form of the
improvement (3.6) suggests that a natural choice is H = 0. This is achieved by taking
U = 12H in (3.5), which results in the multiplet
DJi =  2@i; ( i)Ji =  iD: (3.8)
As explained by Komargodski and Seiberg [13] such improvements only make sense if H
is a well-dened operator (e.g. gauge invariant). It is interesting that in the examples we
study below, H indeed turns out to be well-dened, perhaps suggesting the (3.8) always
exists. We will see in section 6 that this multiplet is closely related to the 4d FZ multiplet.
In some theories we may be able to further shorten the multiplet using the improve-
ment (3.6). This is possible if and only if there is a well-dened U such that  = D2U .
When this is the case, we can set to zero the `trace multiplet' leading to a multiplet satisfy-
ing DJi = 0 and ( i)Ji = 0 which is a 2 + 2 superconformal multiplet (see [17{19]).
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3.2 Examples
As a rst example we consider the sigma model of scalar multiplets AI described in the
previous section. The energy-momentum multiplet is then given by
Ji =  2GIJ@iAIDAJ ;  = VM + P; H =  VM : (3.9)
The bottom component of P is not necessarily a well-dened operator. (For example, as
in [20] we can take AI  AI + 1 and a linear potential.) However, we note that H is
well-dened, and we can dene the shorter multiplet (3.8), in which  = 12VM + P . If the
theory is free and massless, i.e. GIJ = IJ and P = 0, we can use the equations of motion
to write  = 14D2(AIAI) which means that the theory admits a superconformal multiplet.
Next, consider an Abelian gauge eld coupled to a complex scalar multiplet. The
matter and gauge contributions to the energy-momentum multiplet are given by
(JMG) =  2(D ADA+DAD A); (3.10)
(JG) =  iWD(W); (3.11)
and satisfy
D(JMG) =   2@(D ADA)  4iW(J); (3.12)
D(JG) =   2@

1
2
WW

+ 4iW(J); (3.13)
(JMG) =   2iD(D ADA); (JG) =  iD(WW); (3.14)
where J is the gauge current (2.14). We can identify that MG =  HMG = VMG and
G =  HG =  VG, where VMG and VG are the matter and gauge kinetic terms respectively
and are dened in the previous section.
Let us note the cross-term 4iW(J) in (3.12), which clearly cancels in the sum
with (3.13). We have separated here the contributions of the matter part and the gauge
part deliberately to exhibit this term. The reason is that, unlike the case here, when we
couple the 3d matter elds to 4d gauge elds below, then the term in (3.12) will not be
sucient to completely cancel the 4d contribution. The remainder will be identied as the
displacement operator.
4 Coupling of 3d and 4d theories
In the previous two sections we have discussed various aspects of theories with N = 1 su-
persymmetry in 3d. We are now ready to begin our exploration of the main theme of this
paper: the supersymmetric coupling of 3d and 4d theories, and the structure of their com-
bined energy-momentum multiplet. In this section we will explain how this supersymmetric
coupling can be performed in a manifest fashion, via superspace.
Some of the discussion parallels a previous work by Bilal [21], who considered 4d N = 1
theories with a boundary preserving a 3d N = 1 subalgebra (see also [22, 23] and [24, 25]
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in 4d N = 2). But there are also important dierences, to be pointed out below, which
are crucial to the main goals of this paper. For example, we demonstrate how to write
superspace equations of motion for the coupled system.
The basis for constructing supersymmetric coupling of 3d and 4d theories is to study
the 3d superspace embedding in the 4d superspace. A simple approach utilizes the pattern
of symmetry breaking. As discussed in the introduction, the embedding can preserve at
most two supersymmetries. Clearly, the broken Poincare symmetries can be used to x
the normal vector n to some specied direction and translate the 3d subspace to a point
in the xn direction, say the origin. Supersymmetry acts on the 4d superspace coordinates
(x; ;  _) by
x = i   i;  = ;  _ =  _: (4.1)
The subalgebra we consider is determined by the relation  = (
n).
4 Equivalently, we
consider a supersymmetry generator which is a linear combination of supercharges with
opposite chirality
Q^ =
1p
2
 
Q + (
n Q)

(4.2)
As can be seen from (1.4) this generates an algebra isomorphic to N = 1 in 3d. The action
leaves the following combinations of superspace coordinates invariant
~xn  xn   i
2
(2   2); e = ip
2
(   n): (4.3)
We can use these two coordinates to generate other invariants. For example,
~yn  ~xn + ie2 (4.4)
is a chiral combination. It is illuminating to write ~yn in terms of the chiral coordinate of
superspace y = x + i. We nd ~yn = yn  i2, which is clearly a chiral combination.5
We can complete ~xn and e to a basis of the 4d superspace by including xi and another
Grassmann coordinate
 =
1p
2
( + n): (4.5)
In total, we have the change of basis
(x; ;  _) ! (xi; ~xn;; e): (4.6)
4The broken R-symmetry corresponds to a possible phase  = e
i(n). If the 4d eld theory that
we consider has an R-symmetry, we can use it to dial  = 0. Otherwise, it is a genuine parameter of the
embedding. In any event, we shall keep using  = 0 to simplify the notation.
5For example, a chiral supereld  = (;  ; F ) invariant under Q^ must be a function of ~y
n, leading
to the component expansion (~yn) = (yn)   i2@n(yn). This is explained as follows. Observing the
variations of  and demanding invariance implies   = 0 and setting
  =
p
2 [(F + i@n) + 2i(
n)@]
to zero means that  = (xn) and F =  i@n. This is precisely the component expansion above.
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These coordinates are natural from the point of view of the preserved subalgebra. Clearly,
(xi;) can be identied with the coordinates in the 3d superspace, and are acted upon by
the subalgebra in the expected way. Unlike [21, 22] where the 3d superspace is identied
via the relation  = (
n) (or simply e = 0 in our language), we here nd it very useful
to keep track of all the coordinates including e. It will become apparent below why this
is advantageous.
Consider now a general supereld F (x; ; ). We would like to understand how to de-
compose it into representations of the subalgebra. This is obtained by writing the supereld
in the coordinates system introduced above and expanding in e
F (xi; ~xn;; e) = F1(xi; ~xn;) + eF2(xi; ~xn;) + 1
2
e2F3(xi; ~xn;): (4.7)
It is obvious from the discussion above that the component superelds transform indepen-
dently under the subalgebra. However, for practical reasons it is usually more convenient to
work with elds which are functions of xn instead of ~xn (note that ~xn = xn  e). Namely,
in the coordinate system (xi; xn;; e). However, this brings about a small complica-
tion, as one observes by writing explicitly the preserved supercharge in these coordinates
Q^ = Q + e@n. Here Q is the 3d expression in (2.2). In other words, this means that
component superelds in a e expansion mix under Q^. As usual, the problem is solved
by introducing covariant derivatives. We dene
  1p
2
 
D + (
n D)

=
@
@
+ i( i)@i   e@n;
e    ip
2
 
D   (n D)

=
@
@ e + i( ie)@i + @n:
(4.8)
By construction we have that fQ^;g = fQ^; eg = 0. The component superelds
of (4.7) can thus be obtained by taking e derivatives and projecting to the 3d superspace
by setting e = 0. Strictly speaking, a projection should also include xn = 0 (or some other
point). Nevertheless, it is convenient to keep the location of the defect unspecied, i.e.
keep explicit dependence on xn.
The simplest example is that of a chiral supereld  = (;  ; F ), for which we obtain6
(yi; yn; )je=0 = 

xi; xn +
i
2
2;
1p
2


= +  +
1
2
2(F + i@n): (4.9)
A similar expression for this projection was obtained in [21, 22]. For a chiral supereld e
does not give a new supereld since from (4.8) it has the same eect as . Similarly, the
anti-chiral supereld projects to
(yi; yn; )je=0 = 

xi; xn   i
2
2;
1p
2
n

= + n  +
1
2
2( F   i@n ): (4.10)
6Let us note the relations
n =
1
2
(2 + e2); i =  ie i:
We refer the reader to appendix B.2 for more superspace relations.
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Conversely, given a 3d supereld (with or without xn dependence) we can embed it into
the 4d superspace. As demonstrated below, this is required in order to write equations
of motion for the coupled system in the 4d superspace. As a simple example, a 3d scalar
multiplet A = (a; ; fa) can be embedded as a chiral multiplet by
A(xi; xn;)
3!4   ! A(y; )  A

yi; ~yn;
p
2

= a+
p
2 + 2(fa   i@na):
(4.11)
Let us remark that this is a \real chiral supereld". Its existence is a by-product of the
coupling to 3d and will be important in the sequel. It is useful for later computations to
show more explicitly the relation between A and A. This is achieved by expanding around
(xi;) in the following way
A = A(y;
p
2) = A(xi + e i; ~xn + ie2;  ie)
= A(xi; ~xn;)  ieA+ 1
4
e22A (4.12)
This relation shows that A is the unique chiral supereld whose projection e = 0 is A. It
is also useful as a trick to simplify certain computations below. In a similar way, we can
embed A in an anti-chiral supereld A  A(yi; ~yn;p2n).
We note that projecting a chiral (anti-chiral) supereld to 3d and then lifting it to a
chiral (anti-chiral) returns the original eld. However, if we start with an anti-chiral ,
project to 3d je=0 and then lift to a chiral we get
e(y; ) = +p2n  + 2( F   2i@n ): (4.13)
It is easy to check that under the subalgebra (1.4) the multiplet e = (; n  ; F  
2i@n ) transforms as a chiral. In the same sense e = (; n ; F + 2i@n) is an
anti-chiral supereld.
The embedding of a 3d supereld in 4d superspace can be written in another way, that
is more useful for computations. Starting with a supereld A(xi; xn;) we dene 4d chiral
and anti-chiral superelds by
A
3!4   ! A  1
2
D2(e2A); A 3!4   ! A  1
2
D2(e2A): (4.14)
Clearly A and A are chiral and anti-chiral supereld respectively. With some labour
this can be computed explicitly and shown to be equivalent to the expansion (4.12) (and
similarly for the anti-chiral). However, a simple trick renders this computation trivial.
Because of the e2 factor we can change the arguments of A in the chiral embedding by e
terms without changing the expression. There is a unique way of doing it which makes A
chiral, namely A(yi; ~yn;
p
2). Then D2 acts only on e2 and the result follows.
Another useful relation allows us to rewrite 3d Lagrangians in 4d superspace. Recall
that a 3d Lagrangian is a top component of a real scalar multiplet. Multiplying by e2 allows
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us to write this as a D-term of a 4d real multiplet. Specically, let P = p+ + 12
2fp,
then ( 1)e2P = : : :+ 122 2fp. We therefore have the prescriptionZ
d3x
Z
d2P =
Z
d4x
Z
d4( 1)(~xn)e2P: (4.15)
Notice that e2 can be thought of as a Grassmannian delta function. More generally, we can
replace  (~xn)e2 by any function f = f(~xn; e) without breaking the symmetry further.
This can be interpreted as a smeared defect.
To do the same for gauge elds, consider rst a real multiplet V with components
(C;;M; v; ;D) which we decompose following the procedure given above. Most inter-
esting is the component containing the vector. It is given by
eV je=0 = 1p2(+ n ) + 

1
2
(M + M) + @nC

+ i( i)vi
  1
2
2
p
2(+ n) +
ip
2
 i@i(+ 
n )

:
(4.16)
This multiplet can be identied with the 3d vector multiplet V mentioned in the pre-
vious sections. In particular the gauge symmetry of the real multiplet V = i2(
   
)
translates into
eV je=0 = 12p2(D   n D)(
  
)je=0 = 12(
 + 
)je=0; (4.17)
where 
 is a chiral supereld. We can identify the 3d gauge parameter multiplet ! with
the real scalar multiplet ! = 12(
 +

)je=0 as above equation (2.8).
Next consider the eld strength W =  14 D2DV which satises by construction
DW = D _ W
_. It is decomposed as
W  ip
2
(W   n W )je=0; fW  1p2(W + n W )je=0: (4.18)
Expanding in components they give
W = 1p
2
(+ n)   i
2
kijn( k)Fij +
i
2
p
2
2 i@i(+ 
n); (4.19)
fW =   ip
2
(  n) + D   i( i)Fni
+
1
2
2

  1p
2
 i@i(  n) +
p
2@n(+ 
n)

: (4.20)
Clearly W can be identied with the eld strength dened in 3d (2.9). In particular we
have W = i2(DW   D _ W _) = 0.
4.1 Example 1 | Scalar multiplets
Consider 4d chiral superelds a with a Kahler potential K(a; a) and a superpo-
tential W (a). On the defect we consider real scalars AI with a kinetic term VM =
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2GijAIAJ as described around (2.13).7 The 3d and the 4d theories interact through
a potential P (a; a; AI)je=0 localized on the defect.8 It is clear that the 3d equations
of motion stay the same as in (2.13) with P (a; a; AI)je=0 substituting for the purely
3d potential. We would also like to obtain the equations of motion of a with the defect
interaction. Following the discussion above we can lift the potential to the 4d superspace byZ
d3x
Z
d2P je=0 =
Z
d4x
Z
d2d2 

( 1)(~xn)e2P : (4.21)
Here we switched ~xn for xn in the delta function so that it manifestly preserves the desired
symmetries. The dierence is proportional to e and does not change the expression. To
compute the equations of motion we change to integration over half superspaceZ
d2d2 

( 1)(~xn)e2P = Z d2 D21
4
(~xn)e2P ; (4.22)
and use the relation
1
2
D2

(~xn)e2P (; ; A) = (~yn)P(; e;A): (4.23)
Here A and P are the chiral lifts of A and P and e is the chiral associated with the
anti-chiral  as per (4.13). This leads to the equation of motion
D2Ka = 4Wa + 2(~y
n)Pa: (4.24)
Clearly for this equation to make sense the delta function must be a chiral supereld.
4.2 Example 2 | Gauge interactions
Consider a 4d U(1) gauge theory. As demonstrated above, V  eV je=0 is equivalent to
a 3d gauge multiplet. Therefore we can take a 3d theory with a global U(1) symmetry and
gauge it by coupling to the U(1) gauge eld coming from 4d. The coupling is identical to
the minimal coupling for a complexied scalar multiplet A considered above (2.14) and so
are the resulting 3d equations of motion for A. Here we obtain the 4d gauge eld equation
of motion coupled to the 3d matter current (2.14).
As usual the 4d gauge part is given by 14
R
d2WW + 14
R
d2  W W . The unconstrained
variable which we must vary to obtain the equation of motion is V . By standard superspace
maneuvers we obtain Z
d4 V

 1
2
(DW + D _ W
_)

: (4.25)
For comparison, consider a charged 4d chiral eld . The Lagrangian is
R
d4e2V .
Identifying the 4d current as J = e2V , the contribution to the equations of motion is
 1
2
(DW + D _ W
_) = 2J; : (4.26)
7Note that since AI are 3d elds (independent of xn), D and  can be used interchangeably.
8A similar potential was considered in [21] as a boundary interaction.
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Similarly, from (2.14), the variation of the 3d coupling gives
R
d2VJ, which upon
lifting to 4d becomes
 
Z
d4(~xn)e2VJ =   Z d4V 2(~xn)eJ: (4.27)
Here we have used the relation V  eV je=0 and the e2 factor to change the xn
dependence of J to ~x
n since e~xn = 0.9 The equations of motion we obtain are
 1
2
(DW + D _ W
_) = 2(~xn)eJ(xi; ~xn;) (4.28)
with the identication of (~xn)eJ as the embedding of the current in the 4d superspace.
We discuss this embedding in more details in the next section.
5 Warm-up | Global conserved currents
In this section we study multiplets of global conserved currents. We reviewed in section 2
the structure of such multiplets in the case of N = 1 in 3d. They are given by a spinor
supereld J satisfying DJ = 0. We shall shortly remind the reader of its 4d counterpart.
Our goal in this section is to formulate the most general conservation equation which is
consistent with the symmetries of a 4d theory interacting with a 3d defect. This is a
useful preliminary to our study of current multiplets pertaining to spacetime (superspace)
symmetries to which we turn in the next section.
Let us begin by recalling that the conserved current multiplet in 4d is dened as a
real multiplet J satisfying D2J = 0. To see what relations this constraint implies on the
components of J let us consider the standard superspace expansion of a real multiplet,
given in appendix B.1. In terms of these components we nd (B.6)
D2J = 2i M + 4(i  @ )  22(D + @2C   i@v); (5.1)
and imposing the constraint implies @v
 = 0 and the following component expansion of
J , in which we renamed the elds for later convenience,
J = f + i  i  j + 1
2
2 @  1
2
2@  1
4
2 2@2f: (5.2)
Let us note that the constraint D2J = 0 sets to zero a chiral submultiplet (5.1) of J .
Next we show that a 3d current multiplet can be embedded in a 4d real multiplet
satisfying the same constraint. As discussed previously, a 3d current resides in a spinor
multiplet J satisfying 
J = 0. Since the elds are so far 3d with no x
n dependence we
might as well use  instead of D. A natural guess for the 4d embedding iseJ = (~xn)eJ; (5.3)
and a simple computation conrms that D2 eJ =   i2(~yn) D2(e2J). This shows that the
3d constraint for J is exactly equivalent to the 4d one for eJ . Another way to understand
9J has x
n dependence since the gauge invariant current depends on the 4d V.
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the expression for eJ is to consider the decomposition of J following the prescription given
above. We nd
J je=0 = f +   122jn; (5.4)eJ je=0 =  + @nf + i( i)ji + i22   i@i+ 2i@n ; (5.5)
where  =
ip
2
(   n) and  = 1p2( + n). Setting J je=0 = 0 means that ji is
conserved in the 3d sense. Moreover, we nd that eJ je=0 is identical to the expression
for the 3d conserved current multiplet (2.11).
Let us now consider the case where the 3d and 4d theories are coupled. It turns out
that in this case the two terms above J and eJ are not sucient for the constraint to hold.
(We illustrate this below in an explicit example.) It is not far-fetched to speculate that
what we are missing is a e2 term, however there is a more elegant way of discovering this
term.
Looking back at (5.1), we see that to guarantee a conserved current it is sucient to
constrain the imaginary part of the 2 component of the chiral supereld. Normally, a 4d
chiral supereld must be complex and hence the constraint above is the minimal possible.
However as discussed in the previous section, owing to the coupling with 3d, we have a
natural construction of \real chiral superelds". We therefore relax the constraint to
D2J = (~yn)B = (~yn)

b+
p
2b + 
2(fb   i@nb)

; (5.6)
where b and fb are real and b is Majorana. The argument of the delta function is again
crucial. Expanding ~yn = yn  i2, we see that the imaginary part of the 2 component is a
total derivative. This implies @v
 =  12@n ((xn)b) and lets us dene a conserved current
by j = v + 12

n(x
n)b. The new term in the current is understood in light of the form
of the projection in (4.9){(4.10). The normal derivatives in je=0 and je=0 mean that
the potential involves derivative interactions and therefore contributes to the current, as
follows from Noether's formula.
As a nal comment, let us show that the new term on the right hand side of (5.6)
can be written as a e2 contribution to eJ , as remarked above. For this purpose, dene the
projection B = Bje=0. Then using (4.14) we have the equality (~yn)B = 12 D2((~xn)e2B),
demonstrating our claim.
5.1 A derivation using superspace Noether procedure
We now show how the equation for the current can be obtained from a variational approach.
Let us start from a global U(1) symmetry. It acts on the matter elds by a = i!qa
a
and AI = i!qIA
I , where ! is the parameter of transformation and qa and qI are the
charges. To obtain the current, the symmetry is gauged by giving a space time dependence
to the symmetry parameter. This is implemented in superspace in the following way. In
the case of 4d chirals, ! is lifted to a chiral supereld 
 by dening a = i
qa
a. The
global limit is obtained by equating 
 = 
. Chiral and anti-chiral elds are equal if and
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only if all elds vanish except for the real part of the bottom component which has to be
constant. This means that the variation of the 4d Lagrangian takes the form [26]
L (4) =
Z
d4i(
  
)J (5.7)
for some J . The variation must vanish on the equations of motion for any 
 and therefore
we can obtain D2J = D2J = 0. Similarly, we introduce in 3d a real multiplet ! which
gauges the symmetry, and the global limit is obtained by ! = 0. The Lagrangian hence
transforms as
L (3) =
Z
d2!J (5.8)
for some J. This leads to the conservation equation 
J = 0.
Let us now assume that the theories are coupled in a supersymmetric way. We make the
identication ! = 12(
 +

)je=0 and dene !0 =   i2(
  
)je=0. Varying the Lagrangian
as above we get a new term since !0 vanishes in the global limit, i.e.
L tot =
Z
d4i(
  
)J +
Z
d2 (xn)
 
!J   !0B

: (5.9)
The 4d part can be written as   i4
R
d2
 D2J + c:c: and then projected into the
3d superspace
  i
2
Z
d2(! + i!0) D2J je=0 + i2
Z
d2(!   i!0)D2J je=0: (5.10)
We obtain the conservation equations
  i
2
 
D2J  D2J je=0 = (xn)J; 12   D2J +D2J je=0 = (xn)B; (5.11)
or more conveniently D2J je=0 = (xn)(iJ + B). Using the same methods as above
this can be lifted to the 4d superspace expression we found in the previous section.
As an example, consider 4d chirals a coupled to 3d scalar multiplets AI transforming
as indicated above. A potential P (a; a; AI ; A
I)je=0 is invariant if
P = i
X
a
qa(Pa
a   Pa a) + i
X
I
qI(PIA
I   PI AI) = 0: (5.12)
After gauging, the elds transform by aje=0 = iqa(! + i!0)aje=0 and AI = iqI!AI .
This leads to
P je=0 =  !0X
a
qa(Pa
a   Pa a)je=0 =  !0B: (5.13)
It is a trivial exercise to compute J and J assuming some U(1) invariant kinetic terms for
a and AI and to show that the conservation equation (5.11) is satised.
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6 Energy-momentum multiplet in 4d
The purpose of this section is to suggest a modication of the S-multiplet that comes from
the interaction with a 3d defect preserving N = 1 supersymmetry. We do it in two stages.
First, we show how to embed the energy-momentum multiplet of a purely 3d theory, i.e.
equation (3.1), in the 4d S-multiplet. This is important since the total energy-momentum
tensor should be of the form T
(4)
 + (xn)PiPjT (3)ij , where Pj is the embedding dened
in the introduction, with Pnj = 0 and Pkj = kj . However, the structure that is obtained
is not sucient to describe the coupling of 4d theory with a 3d theory. We therefore study
in section 6.2 what terms can appear on the right hand side of the S-multiplet which are
consistent with an energy-momentum tensor conserved in the 3 directions tangent to the
defect and a conserved Majorana supercurrent. Finally, we elaborate on two examples and
compute the resulting displacement operators.
Let us reiterate here, for convenience, the denitions of the 3 and 4 dimensional energy-
momentum multiplets. First, the 4d S-multiplet [13] is given by
D _S _ = 2(   Y); (6.1)
with  chiral and D
 = D _ 
_ and Y satisfying D2Y = 0 and D(Y) = 0. The
condition on  means that it can be solved locally as  14 D2DV where V is a real
multiplet. Similarly, the condition on Y means that it can be solved locally as DX with
X chiral. In appendix C we review the S-multiplet in more detail, including its component
expansion, improvements and some examples. In 3d we found the multiplet (3.1)
Ji =  2@i; ( i)Ji = i(H   ); (6.2)
where  and H are real 3d multiplets. Note that we have replaced D with . As
remarked before, on 3d elds their action is identical.
6.1 Embedding the 3d multiplet
To determine the way the 3d energy-momentum multiplet sits in the 4d S-multiplet it is
most illuminating to consider its component expansion. Keeping in mind our discussion
of global conserved currents (see (5.3) and below), it is natural to guess that the 3d mul-
tiplet should appear as the e component of the S-multiplet. Indeed, this is veried by
computing the e derivative of the component expansion appearing in equation (C.3). In
a purely 3d theory the normal component (such as jn) and normal derivatives are null and
we nd
eSj je=0 =   1p2(Sj + n Sj) + 2i  j( + n  ) + 2@j(x+ x)
  i( i)

2Tij   4ijA+ ijkn@kvn

  1
2
2

ip
2
 
 i@i(Sj + 
n Sj)


  2  j i@i( + n  ) :
(6.3)
This expression matches the component expansion of the 3d energy-momentum multi-
plet (3.3), by identifying  = 2(X + X)je=0 and V =  12 e2H =  12n  + : : : (recall
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 =  14 D2DV ). The latter is implied by identifying vn = 12 and using the relation
V j  =  v . What we have shown is that we can embed Jj as
S _ = eJn _;
 =
1
8
D2D
e2H ;
Y = 1
8
D D
2
e2 
(6.4)
which solves the 4d S-multiplet equations (6.1).
It is also useful to show this by an explicit computation. One quickly nds10
D _
eJn _ =   i
2
p
2
D2
e2J  i
2
(n D)
e2J : (6.5)
Notice that the terms in the two parentheses on the right hand side exactly correspond
to the two terms in (6.2) and since both multiply e2 we can interchange D with 
as in (6.2), without restricting the dependence of the operators on xn. We now use this
relation to obtain
D _
eJn _ = 14 D2D e2(H   )+ i(i D)@i e2
= 2(   Y)  i(n D)@n
e2  : (6.6)
If  has no xn dependence, then the last term in the second line drops out and we obtain
the result from before. Roughly speaking, this term is responsible for cancelling the @n
in Y. We dene
2Y 0 =
1
4
D D
2
e2 + i(n D)@n e2  ; (6.7)
which satises 2 D _Y 0 =  ii _@i. We note the absence of the normal derivative
in this expression. Compare this with the corresponding 4d term in (6.1), which
gives 2 D _Y =  4i _@X.
For the application we want to consider, the 3d contribution should come with a delta
function, and hence is dened as
S(3) _ = (~xn)eJn _: (6.8)
Note that we can change (~xn)! (~yn) because of the e factor. It satises
D _S(3) _ = 2(~yn)(   Y 0): (6.9)
10Actually, that is somewhat of a lie. The computation is quite tedious if one attempts to carry it out
by brute force. Therefore, out of consideration for the reader we show how it can be trivialized by a simple
trick. The idea is to use (4.12), which here gives
Ji(xi; ~xn;) = Ji(yi; ~yn;
p
2) + ieJi(xi; ~xn;) +O(e2):
From this we get eJi(xi; ~xn;) = 1
2
e D2 e2Ji  i
2
e2Ji
Here relation (4.14) was used. Applying D _ now leads to (6.5).
{ 19 {
J
H
E
P
0
8
(
2
0
1
7
)
0
1
0
In fact, we can swallow the delta function in  and H, which is most clearly observed in
the rst line of (6.6). Since (~yn) is chiral it goes through D _ with no eect. But we can
pull the delta through D as well since the commutation relation is proportional to e.
Lastly, let us note that when considering also the 4d theory, we can form
the combination
S  S(4) + S(3) = 2 

T (4) + (x
n)PiPjT (3)ij

+    : (6.10)
Since we showed that the 3d terms can be swallowed in the S-multiplet terms (the dier-
ence between Y and Y 0 is immaterial), it should be obvious that this can not lead to a
displacement operator. In other words, the resulting energy-momentum tensor will be fully
conserved, which follows straightforwardly by acting with D _ on (6.9) and noting that the
right hand side is a total derivative (see also the discussion around (6.12) below). This
means that the structure we have described can not accommodate 4d theories coupled to
3d theories, which requires the appearance of a new term. In the next section we investi-
gate the form such terms can take. Note that also in the purely bosonic cases reviewed in
appendix A, the displacement operator vanishes when the 4d and 3d degrees of freedom
are not coupled.
6.2 The defect multiplet
We would now like to nd new terms that can appear on the right hand side of the S-
multiplet and are consistent with the existence of a conserved energy-momentum tensor
in the 3 directions parallel to the defect and a conserved Majorana supercurrent (i.e. a
supercurrent which is a linear combination of 4d supercurrents of opposite chirality). Since
the equation for the S-multiplet is linear and the solution for the 4d terms  and Y is
well known, we might as well discard them and focus on the term of interest to us. We
therefore take the following starting point
D _V _ = 2(~y
n)Z  2Z 0: (6.11)
Here V = (C; ;M; v; ; D) is a real vector multiplet. It is obtained simply by
adding a vector index to the usual real multiplet V discussed in appendix B. Our goal is
to nd constraints on Z that lead to a multiplet with the requirements specied above.
Consistency requires D2Z = 0, and we can dene a chiral supereld  _ =  2i D _Z.
A quick way to show what conditions ensure the existence of a conserved energy-
momentum tensor in the directions parallel to the defect and to see how the displacement
operator emerges is to follow a similar argument to that which appeared in section 5.
From (6.11) we can derive D2V = 2i(~y
n). This is compared to an expression similar
to (5.1)
D2V =      22(D + @2C   i@v): (6.12)
We learn from this that the existence of a conserved energy-momentum tensor imposes that
the real part of i is a total derivative while the real part of n gives the displacement
operator. It should be noted that v is not symmetric here so we ought to be a little
careful. In particular the current index in S is the free vector index.
{ 20 {
J
H
E
P
0
8
(
2
0
1
7
)
0
1
0
To argue more systematically, we obtain the following equation
@V
 =   i
2
(DZ 0   D _ Z 0 _); (6.13)
which is derived from (6.11). It is useful to look closer at the components of @V
. In
particular the interesting sub-multiplet is given by
e@V je=0 = 1p2@( + n ) + @

1
2
(M + M) + @nC


+ i( j)@v
j   1
2
2@

 +
ip
2
 
 j@j(
 + n )



:
(6.14)
Here we have introduced  
p
2(+n) only for the sake of keeping the length of the
expression in check. We recognize that this sub-multiplet contains the components that
we want to keep conserved, namely  + 
n  and vj.
Projecting to the same sub-multiplet on the right hand side of (6.13) we nd
p
2e@V je=0 = (Z 0 + n Z 0) + ip2(0 + 0) + 2i@n(Z 0   n Z 0): (6.15)
Here 0 = (~yn)i( i) . Since (~yn)je=0 = (xn) and the @n term in  is of order e
we can simplify to
= (xn)

(Z + n Z) + ip
2
(
 + 
)
e=0
+ 2i@n
 
(xn)(Z   n Z)
 je=0: (6.16)
What are the conditions which guarantee the existence of a conserved energy-momentum
tensor and supercurrent? For the rst term we can demand that the 3d projection of
Z+ (n Z) is either a total covariant derivative (: : :) or it is a current, i.e. annihilated
by . Likewise we demand that the 3d projection of i + i is a total derivative @i(: : :).
The obvious solutions are the ones we already encountered above, namely Z = , Y
and Y 0. Let us focus here on a dierent solution given by imposing Z + (n Z) je=0 = 0; ( + )je=0 =  4nD : (6.17)
Here D is a real scalar multiplet (of the 3d superspace), which we now show contains the
displacement operator.
To see more explicitly the conservation equation for the energy-momentum tensor we
proceed as follows. The   component of @V
 (where the energy-momentum sits) is
obtained as the bottom component of
[D; D _]@V
 =
1
4
D2 ((~yn) _) +
1
4
D2
 
(~yn) _

+ @ _

DZ 0 +DZ 0

  @ _

D
_ Z 0_ + D _ Z 0 _
 (6.18)
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It is immediate to evaluate the bottom component of the top line by using (B.14)
@v =   i
2
@n
 
(xn)(   )
  1
4
(xn)2( + ) +    ; (6.19)
where the ellipses represent the contributions from the second line of (6.18), which are
total derivatives, as in fact is also the rst term here, so the interesting contribution is the
second term
@vn =  2(xn)fd +    ; (6.20)
where 2D j =  2fd. As we see below,  2T = v +    which leads us the form of the
displacement operator given in (1.1).
6.3 The components of the defect multiplet
To nd the components of V we rst need to solve the constraints (6.17) on Z more ex-
plicitly. Using a chiral supereld expansion we can write Z = i  i2(), where 
and  are chirals (although  does not transform standardly
11). In fact, it is even more
convenient to redene  !  + 12(n), which leaves  chiral. The advantage is
that now
Z = i   1p
2
(ne) (6.21)
and Zje=0 = ije=0 (hence je=0 does transform standardly under the preserved
subalgebra), while still maintaining the relation  2i D _Z =  _. The components are
given by
 =  + B   i() + 2;
 = g +
p
2  + 
2F:
(6.22)
Here  may be taken to be real. We also expand the 3d multiplet D as
D = d+ d +
1
2
2fd: (6.23)
The rst constraint in (6.17) implies
 = n; Im(B) = 0; ij = 0; + i@n = 
n(  i@n): (6.24)
We dene ` = n. The second constraint in (6.17) gives
Re(g) =  2nd;   + n   =  2nd;
Re(F)  @n Im(g) =  2nfd:
(6.25)
We are now ready to solve (6.11), with Z subject to the constraints (6.17), by ex-
pressing the components of V (v and ) in terms of the conserved quantities T and
11By this we mean, that the supersymmetry variation of  contains  terms. This is a consequence
of the explicit use of  _ in this denition. The same is not true of  since it has a natural superspace
denition as the covariant derivative of Z.
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S + 
n S. As an example, consider taking the bottom component of (6.15). Recalling
that V = C + i   i + : : : as in (B.2), this leads to the relation
@(
 + n ) =  2@n(0 + n0)
=  2@(0   n0): (6.26)
Here we are again using the shorthand 0 = (xn), and in the second line we have used
that  is a Majorana spinor, namely  = n. This allows us to dene a conserved
supercurrent by
p
2 S^ =  ( + n )  2(xn)(  n): (6.27)
We can now write
p
2 S^ = S + n S and decompose the relation above to
 =  S   2(xn);  =   S + 2(xn); (6.28)
noting that S is here determined only up to a shift by imaginary spinors (i.e. y =  n),
such that S^ remains unchanged. With a similar analysis of v we get the expansion
V = C   i (S + 2(xn)) + i
 
S   2(xn)

+
i
2
2(xn)g   i
2
2(xn)g
+  

2T   1
2
@
C   (xn)  n Im(g)  4n[`]+    ; (6.29)
where the dierent elds satisfy the following conservation equations
@T = n(x
n)fd; @
(S + 
n S) = 0: (6.30)
The violation of conservation of momentum in the normal direction, i.e., the displacement
operator, is accompanied by a similar statement for the supercurrent, which takes the form
 i@(S   n S) = (0 + n0) + i@(0 + n0) + 4
p
20d: (6.31)
This term, which like the displacement operator is localized on the defect, is aicted by
the ambiguity in S mentioned below (6.28), which implies that we can shift this by a total
derivative. In addition, we have the relations
T = 0; 
S = 6(x
n); @C = 2(x
n)(d B); (6.32)
and lastly the antisymmetric part of the energy-momentum tensor is given by
T[ni] =
1
4
(xn) (Im(gi)  2`i) ; T[ij] = 0: (6.33)
Let us note that the new term Z does not contribute to the trace of the energy-momentum
tensor. Since the trace of the supercurrent S is a Majorana spinor, we can also dene a
conserved superconformal current by x(
 S+nS). Of course, generically the traces
receive contributions from  and Y in (6.1) (as well as the analogous terms coming
from 3d) so the conformal currents are not conserved. Here we are only considering the
contribution from the new term Z.
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6.4 Example 1 | Scalar multiplets
In this example there are 4d chiral superelds a with Kahler potential K and superpoten-
tial W and 3d real scalar multiplets AI with target space metric GIJ . The two theories are
coupled through a potential P (a; a; AI)je=0. As before, we use P to denote the chiral
embedding of P . The equations of motion are
D2Ka = 4Wa + 2(~y
n)Pa;
D(GIJDAJ) = 1
2
@IGJKDAJDAK + PI :
(6.34)
We dene the 4d and 3d parts of the energy-momentum multiplet by
S(4) _ = Kaa D _ aDa; (6.35)
S(3) _ = (~xn)eJn _ = (~xn)e   2GIJ@iAIAJ ( in) _: (6.36)
We nd for the 4d part
D _S(4) _ = 2(   Y)  (~yn)PaDa; (6.37)
where  =  14 D2DK and Y = DW . For the 3d part, using identity (6.5)
D _S(3) _ = 2(   Y 0) 
1
2
(~yn)PIDAI : (6.38)
We can write the new terms as 2(Z   Y 0) with
2Z =  1
2

PaDa   PaDea p2e@nP;
2Y 0 =
1
4
DP + i(n D)(e2P): (6.39)
The second term has the form of Y 0 in (6.7) and can be absorbed in it. Z satises Z + (n Z) je=0 = 0;   +  je=0 =  2n@nP: (6.40)
In particular 2D = @nP . This is the obvious supersymmetric generalization of the scalar
expressions in (A.6).
6.5 Example 2 | Gauge interactions
In this model we have a 4d Abelian gauge eld W coupled to a 3d matter eld A. The
equations of motion are
DW = D _ W
_ = 2(~xn)eJ; (6.41)
D2A = D2 A = 0: (6.42)
The two parts of S are
S(4) _ =  2 W _W; (6.43)
S(3) _ = (~xn)e   2DiAD A  2Di ADA ( in) _; (6.44)
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satisfying
D _S(4) _ = 4(~yn)eJW;
D _S(3) _ = 2(   Y 0) +
p
2i(~yn)( ie)J iW: (6.45)
It should be noted that J andW both represent the chiral embedding of the correspond-
ing 3d elds.12 We identify Z(4) = 2eJW and Z(3) = ip2( ie)J iW. Obviously
Zje=0 = 0 so our rst condition for Z is trivially satised. We can then nd
(4) +
(4) =  2nJfW + Pi 2iJ iW;
(3) +
(3) =  Pi 2iJ iW:
(6.46)
The displacement multiplet is therefore 2D = JfW and (cf. (A.10))
fd = j
iFin + fermions: (6.47)
7 Superspace Noether approach to energy-momentum multiplets
7.1 4d multiplets
We now implement the Noether procedure as an alternative method of deriving the energy-
momentum multiplet. This was considered by several authors. Our discussion here is
mostly based on [26, 27] (see also [28, 29]). To do this, we must promote supersymmetry to a
local symmetry, so we consider the set of chirality preserving dieomorphisms of superspace
y = v(y; ); y = v(y; );
 = (y; );  _ =  _(y; );
(7.1)
On chiral functions of superspace this corresponds to the dierential operator
L+ = v@ +  @
@
= h@ + 
D;
h  v(y; ) + 2i(y; ):
(7.2)
Similarly, for anti-chiral functions L  = h@ +  _ D _. By denition, the action L+
preserves chirality [ D _;L+] = 0 and [D;L ] = 0. We have the relation
D _h
 =  2i() _; Dh = 2i(): (7.3)
Hence  and  are determined by h and h, which are free except for the constraint
D(
_h _) = 0; D(h) _ = 0: (7.4)
This in particular means that we can write h _ =  2i D _L and h _ =  2iD L _ for an
unconstrained supereld L
L = `   i
2
()v + 
2; (7.5)
12For the rst equation it follows from the fact that J is a current (satisfying 
J = 0). Then reasoning
similar to those in footnote 10 show that in eJ we can take J to be the chiral embedding.
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where ` is an irrelevant chiral supereld, since the gauge transformation is given in terms
of D _L.
Recall how in the case of global symmetries in section 5.1, the gauging involves pro-
moting the global (Abelian) transformation  = i to an action by a chiral supereld 

given by  = i
. The global limit is then obtained by taking 
 = 
, and implies that
the current J should appear in the variation of the Lagrangian as i(
  
)J . In the same
spirit, the basic assertion is that the global limit is given by
h = h: (7.6)
More precisely, this equation is equivalent to the superconformal Killing equations [30]. For
example, letting vj = +ib and  12Dj = (1)+i(2), one can verify that (7.6) implies
@ + @ = 4(1): (7.7)
In other words, (7.6) imposes the conformal Killing vector equation on . For a supercon-
formal theory the variation of the Lagrangian must assume the form
L (4) =   i
2
Z
d4(h   h)S = 1
2
Z
d4( D _L  D L _)S _: (7.8)
Indeed, expanding in components (and remembering that S = 2 T + : : :) one nds
terms such as L (4) =  @T. Since L is not constrained, we obtain the superconfor-
mal multiplet D _S _ = 0.
To obtain the other multiplets, we need to constrain the gauge parameters L. The
R-constraint is given by further imposing D D2L + D _D2 L _ = 0, which by using (7.5)
gives D + D _
_ = 0. This implies (1) = 0 so (7.7) now reduces to the Killing vector
equation of at space. The FZ-constraint is given by imposing that the chiral supereld
   14 D2DL vanishes. In terms of elds in (7.5) this reads  = @h + D. The
bottom component of  gives @
 = 2(1), which together with (7.7) once more means
that (1) = 0. Finally, the S-constraint is obtained by imposing both conditions.13
We can use two strategies for applying the constraints to the Noether procedure. The
rst, as presented above, is to think of the constraints as applying to the gauge symmetry
itself. Then, varying the action we again obtain (7.8) but this time since L is constrained
not all the component of D _S _ vanish. A slightly more convenient approach is to take
L unconstrained and think of the R- and FZ-constraints as part of the global limit, so on
the same footing as (7.6). Using this point of view for the Noether procedure, we expect
additional terms to appear in the variation of the Lagrangian. The most general variation
with the R-constraint is
L (4) =   i
2
Z
d4(h   h)S   1
4
Z
d4
 
D D2L + D _D
2 L _

V; (7.9)
13It follows from [13] that supersymmetric eld theories are generally consistent only with the S-
constraint, i.e. the smallest gauge symmetry. Additional assumptions are needed to consider the more
general gauge symmetries. For example, only superconformal theories can accommodate the gauge symme-
try with L unconstrained, otherwise we are gauging a broken symmetry.
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where V is a real multiplet. Since L is not constrained, this leads to the R-multiplet
D _S _ = 2 with  =  14 D2DV a chiral satisfying D = D _  _. For the gauged
FZ-symmetry the most general variation of the Lagrangian is
L (4) =   i
2
Z
d4(h   h)S  
Z
d2X  
Z
d2  X; (7.10)
where X is a chiral supereld. This leads to the FZ-multiplet D _S _ =  2Y with Y =
DX. For the S-multiplet we simply impose both constraints to get D _S _ = 2( Y).
Let us consider the example of chiral superelds a with a Kahler potential K(a; a)
and superpotential W (a). The action of the gauge symmetry on a chiral supereld is
given by [26]
a = L+a: (7.11)
For the FZ-constraint we nd up to total derivatives14
K =
i
4
(h  h) _

Kaa D _ 
aD
a +
1
3
[D; D _]K

  1
3
( + )K
W =  W:
(7.12)
Comparing this with (7.10) leads to the FZ-multiplet, which is reviewed in (C.7).
If the theory has an R-symmetry we can also consider the R-constraint. Let Ra be the
R-charges of a. R-invariance implies the relationsX
i(RaKa
a  RaKa a) = 0;
X
RaWa
a = 2W: (7.13)
It follows from the rst relation that UR = 12
P
RaKa
a is a real multiplet. The gauge
transformation of a chiral supereld is now [26, 27, 30]
a = L+a + 1
2
Ra
a: (7.14)
Here there is no sum over a. It is easy to check that W = 0 up to a total derivative under
this gauge symmetry. For the Kahler potential we nd
K =
i
4
(h _   h _)  Knn D _ nDn + [D; D _]UR
+ (D + D _
_)(K   3UR):
(7.15)
Comparing with (7.9) one can derive the R-multiplet which agrees with (C.8). Finally, for
the S-constraint with (7.11) we nd
K =
i
4
(h _   h _)  Knn D _ nDn+ (D + D _ _)K;
W =  W;
(7.16)
which gives the S-multiplet in (C.6).
14The following identities, derived from the denitions of h and , are useful
@h
 =   i
12
[D; D _]h
_ +
4
3
; @h
 =
i
12
[D; D _]h
_ +
4
3
:
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7.2 3d multiplets
In 3d we consider dieomorphisms of superspace (see [31] for a related discussion in the
superconformal case)
xi = vi;  = K: (7.17)
The action on (scalar) superelds is given by
L^ = vi@i +K @
@
= Ki@i +K
D;
Ki = vi + i iK:
(7.18)
Contrary to the 4d case, this does not imply any relation between Ki and K, in other
words the two superelds are unconstrained. It is not dicult to check that the equation
DKi = 2i( iK) (7.19)
corresponds to the superconformal Killing equation in 3d. To obtain the super Poincare
Killing equation we can constrain the gauge symmetry by @iKi + DK = 0. Together
with (7.19) this implies also DK = 0.
A general variation of the Lagrangian therefore takes the form
L (3) =  1
2
Z
d2(DKi+2i(K i))Ji+
Z
d2( (@iKi+DK)+DKH): (7.20)
Since Ki and K are unconstrained we readily get the 3d multiplet (3.1). As an ex-
ample we consider a sigma model of real scalar multiplets AI with kinetic term VM =
1
2GIJDAIDAJ and potential P (AI). The action of the gauge symmetry on AI is
AI = L^AI = Ki@iAI +KDAI : (7.21)
A simple computation gives
VM =  1
2
 DKi + 2i(K i) ( 2GIJ@iAIDAJ)
  (@iKi +DK)VM  DKVM ;
P =  (@iKi +DK)P:
(7.22)
Comparing with (7.20) leads to the desired form (3.9).
Let us identify the 3d parameters with the 4d ones. We have
vi =
1
2
(yi + yi)je=0 = 12(vi + vi)je=0;
K =
1p
2
( + n)je=0 = 1p2(+ n)je=0:
(7.23)
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Additionally,
  i
2
(hi   hi) = eKi   e  Ki   2i( iK)+O(e2); (7.24)
eKi =   i
2
(vi   vi) + i i eK; eK =   ip
2
(  n): (7.25)
Clearly e =   eK. We can see that the 4d global limit hi = hi corresponds to the 3d
equation (7.19) but includes an additional condition eKi = 0. Similarly, for the normal
component we nd
  i
2
(hn   hn) = eKn   e Kn   2i eK+O(e2); (7.26)
eKn =   i
2
(vn   vn) K; Kn = 1
2
(vn + vn) +  eK: (7.27)
The constraints on the gauge symmetry also match
1
2
 
@h + @
h +D
 + D _
_
 je=0 = @K + K: (7.28)
We now use (7.24) to rewrite the rst term of (7.20) in the 4d superspace as
 
Z
d4 e  DKi   2i( iK) (~xn)eJi =   i
2
Z
d4(hi   hi)(~xn)eJi: (7.29)
Here we have discarded the term in h  h which is of zeroth order in e (see (7.24)) since it
does not contribute to the integral. Evidently, this represents a contribution to S in the
form (~xn)eJi in agreement with (6.8). Similarly, the terms in the second line of (7.20)
are rewritten as
 
Z
d2(@iKi +DK) =
Z
d4L

1
8
D D
2 +
i
2
(n D)@n

(~xn)e2+ c:c:;Z
d2DKH = 1
8
Z
d4L D2D

(~xn)e2H+ c:c:; (7.30)
where in the rst line we used @iKi + DK = 12( + )   @nKn. This clearly conrms
the structure we have found for embedding the 3d energy-momentum multiplet in the
S-multiplet.
7.3 The defect multiplet
Finally, let us see how to obtain the defect multiplet from a variation approach. We proceed
by arguments similar to those appearing in the discussion of global currents, see (5.9). It
follows from (7.24){(7.26) that in the global limit eK and Kn 2i eK vanish. Moreover,
we must demand the vanishing of Kn as well. This guarantees that the solutions to the
Killing equations will not include the translation corresponding to the normal direction
(and associated transformations). This discussion leads to the following additional terms
in the variation of the LagrangianZ
d2

 i eK + 2p2 eK + 2KnD : (7.31)
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Clearly  must be imaginary while  and D are real. The dependence on the tilde elds
and Kn implies that such terms come from interactions of 4d elds localized on the defect.
There terms can be rewritten asZ
d4L(~yn)

i   1p
2
(ne)+ c:c: ; (7.32)
where we have redened (n  2D)! n. After this redenition n has a real part which
gives the displacement multiplet. Note that, as one can verify by following the derivation,
in this equation  and  are the chiral embeddings of the elds introduced in (7.31).
As an example consider 4d chiral superelds a coupled to real 3d scalar multiplet AI
through a potential P (a; a; AI)je=0. Projecting the transformations of the 4d chiral to
3d gives
 = (K + i eK)@ + (K + i eK): (7.33)
Applying this to the interaction potential leads to
P =  (@iKi + K)P +Kn@nP + i eK(Pa@a   Pa@ a)
+ i eK(Paa   Pa a) (7.34)
up to a total derivative. The rst term clearly gives rise to a Y 0 term. We can further
obtain
Z =   1
4
p
2
D2
e2(Paa   Paea)
  1p
2
(ne) Pa@a   Pa@ea + n@nP : (7.35)
Recall that e is the chiral lift of je=0. This gives D = 12@nP and matches the results
obtained previously.
8 Concluding remarks
In this note we discussed 4d N = 1 supersymmetric eld theories in the presence of a
3d planar defect, preserving half of the supersymmetry. In particular, we described how
the displacement operator in these theories is contained in a modied energy-momentum
multiplet, which we named the defect multiplet. Our main motivation for this work is to
understand systematically how to place defects on curved manifolds in a supersymmetric
fashion. It will be interesting to develop a formalism that addresses this issue using ideas
similar to [32]. A related problem concerns the study of manifolds with boundaries, where
one would like to nd all possible supersymmetric boundary geometries arising from the
rigid limit of background supergravity studied on a manifold with boundaries [33{38].
It would be nice to understand the moduli space of all supersymmetric defects and
the geometry that characterizes such embeddings. This can then be applied to localization
computations and can shed light on the problem of mapping defects and boundaries under
dualities.15 In particular, it would be interesting to follow the dependence of the partition
15Some example of exact results in supersymmetric eld theories in the presence of defects include [39{42].
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function on the moduli space (as in [43, 44]). It is possible that these methods may also help
the study of congurations dened on manifolds with (conformal) boundaries [45, 46], or
be useful for developing a supersymmetric formulation of holographic renormalization [47].
It will also be interesting to generalize our results to other defects in various dimensions
and extended supersymmetry. These include co-dimension two defects in 4d N = 1 eld
theories, preserving (0; 2) supersymmetry in two dimensions, as well as starting from N = 2
in 4d (see [12] for early work in this direction). The representation of the displacement
multiplet for 3d defects preserving N = 4 supersymmetry was studied in [48].
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A The displacement operator in scalar and gauge eld theory
Consider a 4d scalar  and a 3d scalar a, conned to a planar submanifold . The 4d and
3d actions are Z
L (4) =
Z 
 1
2
@@  V4()

;Z

L (3) =
Z


 1
2
@ia@ia  V3(a)

:
(A.1)
To make the system interesting, we need to couple the 3d and 4d elds. The simplest way
to do that is Z

L (I) =  
Z

VI(; a); (A.2)
with an arbitrary coupling potential VI .
There are 4d and 3d terms in the energy-moment tensor
T (4) = @@+ L
(4)
T
(3)
ij = @ia@ja+ ij(L
(3) +L (I)):
(A.3)
The full energy-momentum tensor will include both parts, which requires the embedding
Pi on the directions tangent to 
T = T
(4)
 + (x
n)PiPjT (3)ji : (A.4)
Using the classical equations of motion we nd
@T = (x
n)@VI(; a) @n
n
 ; (A.5)
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where xn is the coordinate normal to . The displacement operator, dened in (1.1), is
therefore given by
fd = @nVI(; a): (A.6)
In the presence of a 4d Abelian gauge eld, the 4d action contains the termZ
L (4) =  1
4
Z
FF
 : (A.7)
This can couple to a 3d theory on the defect, by gauging a global U(1) symmetry, with
current jk(3), via the coupling Z
L (I) =
Z

vPkjk(3): (A.8)
The bulk energy-momentum is
T (4) = FF

 + L
(4); (A.9)
and the 3d energy-momentum tensor T
(3)
 will depend on the details of the 3d theory,
which we do not specify. We need T
(3)
 to establish the conservation in directions tangent
to the defect but not in order to compute the displacement as Tn = T
(4)
n from (A.4). This
leads to
@Tn = (x
n)Fnkj
k
(3): (A.10)
B Superspace conventions and useful formulas
B.1 4d superspace
Our conventions follow quite closely Wess and Bagger. For convenience we mention here
a few formulas which are used in the paper. The superspace coordinates are (x; ; ) and
the chiral combination is y = x + i. A chiral supereld is a function of (y; )
(y; ) = +
p
2 + 2F: (B.1)
On several occasions we use a general real multiplet given by the following  expansion
V = C + i  i+ i
2
2M   i
2
2 M   v
+ i2 

+
i
2
@

  i2

+
i
2
@ 

+
1
2
2 2

D +
1
2
@2C

:
(B.2)
In fact, it will be much more convenient for us to dene the component elds by taking
bottom component of V acted upon by covariant derivative. That is
V j = C; DV j = i; D _V j =   i _;
D2V j =   2iM; D2V j = 2i M; [D; D _]V j =   2v _;
D2DV j = 4i; D2 D _V j =   4i _; 1
8
D D2DV j = D:
(B.3)
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Also useful:
D D _V j =  i@ _C   v _; D _DV j =  i@ _C + v _: (B.4)
To analyse the energy-momentum multiplets we also consider a vector real multiplet V =
C+ i+    . All the formulas above are applied by adding a vector index in an obvious
way. For example [D; D _]Vj =  2v _. The following covariant derivatives identities
are useful:
[ D _; D
2] = 4iD@ _; [D
; D2] = 4i D _@
_: (B.5)
This form is far superior than the  expansion in terms of the eciency of computations.
We use two other chiral superelds which are derived from V . We write them here as
reference. The rst, D2V , is in components (in (y; ) coordinates)
D2V = 2i M + 4i(+ i@ )  22(D + @2C   i@v): (B.6)
This arises in the context of the current multiplet, which is a real multiplet satisfying
D2V = 0. The second chiral supereld is the eld strength associated with V viewed as
an Abelian gauge multiplet
W =  1
4
D2DV =  i + D   i()F + 2(@): (B.7)
B.2 3d superspace
The 3d superspace has coordinates (x0i;0). To embed it in the 4d superspace we dene
new fermionic coordinates
 =
1p
2
( + n); e = ip
2
(   n); (B.8)
and ~xn = xn   i2(2   2). The embedding is given by (xi; ~xn;; e) = (x0i; 0;0; 0).
In practice we identify xi = x0i,  = 0 and forget about the tilded coordinates. We
have also described in the paper an embedding in the chiral superspace (y; ) which is
similarly dened. As explained, the motivation for this denition is that the subspace
is invariant under the super-algebra preserved by the defect. The following relations are
easily derived
2 =
1
2
(2   e2)  ie; 2 = 1
2
(2   e2) + ie; (B.9)
 =
1
2
(2 + e2); i = i ie; 2 2 =  2e2: (B.10)
The change of basis in the 4d superspace is accompanied with the associated covariant
derivatives
 =
1p
2
 
D + (
n D)

=
@
@
+ i( i)@i   e@n; (B.11)
e =   ip
2
 
D   (n D)

=
@
@ e + i( ie)@i + @n; (B.12)
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which satisfy
f;g =   2i( i)@i;  = 0; 22 = 4@i@i;
 =   i@ + 1
2

2; 2 =  2 =  2i@ :
(B.13)
(Similarly for e.) For bookkeeping, we present the following relations for converting co-
variant derivatives in the dierent bases
2 =
1
2
(D2 + D2) +Dn D   2i@n (B.14)
=
1
2
(D2 + D2)  DnD + 2i@n; (B.15)
i e = 1
2
(D2   D2)  2i@n; (B.16)
( e) = i2 ( Dn)(D)   (n D)(D) ; (B.17)p
2i2 e = D2D  D2(n D) + 2i j(D   n D)@j : (B.18)
These are useful for computing the 3d components of 4d superelds. As an example,
consider the decomposition of the 4d real multiplet V (B.2). We nd
V je=0 = C + ip2(  n ) +
1
2
2

i
2
(M   M)  vn

; (B.19)
eV je=0 = 1p2(+ n ) + 

1
2
(M + M) + @nC

+ i( j)vj
  1
2
2
p
2(+ n) +
ip
2
 
 j@j(+ 
n )



:
e2V je=0 can be computed similarly but we shall not need it. To demonstrate this compu-
tation let consider the  component of eV je=0. It is obtained by applying the covariant
derivative and using (B.16). This leads to
 1
2
 eV j = i
4
(D2   D2)V j+ @nV j; (B.20)
which together with (B.3) can be expressed in terms of the components of V .
C The S-multiplet
In our conventions the S-multiplet [13] S _ =  _S is given by
D _S _ = 2(   Y): (C.1)
Here  satises D
 = D _ 
_. In components this is solved by
 =  i + D   i()F + 2(@); (C.2)
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with D real and F =  F satisfying the Bianchi identity, that is it can locally be
written as F = @v   @v. In addition, we can locally dene a chiral supereld X =
x+
p
2 + 2F such that Y = DX. Solving for the components of S gives
S = j   i

S   2
p
2i  

+ i

S   2
p
2i 

+ 2i2@x  2i2@x
+  

2T   4A  1
2
 (@
j   F )

  1
2
2 

@S + 2
p
2i
@  

+
1
2
2

@ S + 2
p
2i
@ 

+
1
2
2 2

@@j
   1
2
@2j

:
(C.3)
In this expression S is conserved, T is symmetric and conserved, and
T = 6A+D; (
 S) =  2   6
p
2i ; @
j = 4B; (C.4)
where F = A+ iB.
Improvements by a real multiplet U take the form
S _ ! S _   [D; D _]U;
 !    3
4
D2DU;
Y ! Y + 1
4
D D
2U:
(C.5)
For a sigma model with Kahler potential K(a;a) and superpotential W (a) the
S-multiplet is given by
S _ = Kaa D _ aDa;
 =   1
4
D2DK;
Y = DW:
(C.6)
The FZ-multiplet exists if the improvement UFZ =  13K is well dened in which case
 = 0 and
J _ = Kaa D _ aDa + 1
3
[D; D _]K;
Y = DW   1
12
D D
2K:
(C.7)
If there is an R-symmetry, with R[a] = Ra, we may dene UR = 12
P
Ra
aKa. Using the
equations of motion D2Kn = 4Wn this leads to Y = 0 and
R _ = Kaa D _ aDa   [D; D _]UR;
 =   1
4
D2D(K + 3UR):
(C.8)
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